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Nontrivial realization of the space–time translations in the theory of quantum fields
Marcin Kaz´mierczak∗
Institute of Theoretical Physics, Uniwersytet Warszawski, Hoz˙a 69, 00-681 Warszawa, Poland
In standard quantum field theory, the one–particle states are classified by unitary representations
of the Poincare´ group, whereas the causal fields’ classification employs the finite dimensional (non–
unitary) representations of the (homogeneous) Lorentz group. A natural question arises – why
the fields are not allowed to transform nontrivially under translations? We investigate this issue
by considering the fields that transform under the full representation of the Poincare´ group. It
follows that such fields can be consistently constructed, although the Lagrangians that describe
them necessarily exhibit explicit dependence on the space–time coordinates. The two examples
of the Poincare´–spinor and the Poincare´–vector fields are considered in details. The inclusion of
Yang–Mills type interactions is considered on the simplest example of the U(1) gauge theory. The
generalization to the non–abelian case is straightforward so long as the action of the gauge group
on fields is independent of the action of the Poincare´ group. This is the case for all the known
interactions but gravity.
PACS numbers: 11.30.Cp, 12.90.+b, 02.20.Qs, 11.10.Ef
I. INTRODUCTION
In the conventional approach to quantum field theory (QFT), the Hilbert spaces of one–particle states are con-
structed by considering irreducible unitary representations of the Poincare´ group 1 derived by induction from irre-
ducible representations of the little group which are labeled by spin (massive case) or helicity (massless case). Then
the quantum causal fields are introduced that are classified by finite–dimensional representations of the (homoge-
neous) Lorentz group. Any such representation, acting on the space of fields, needs to be connected to some unitary
representation of the Poincare´ group, acting on the Fock space of many–particle states, via Weinberg consistency
conditions. For a fixed representation of the Lorentz group, the consistency conditions restrict the set of allowable
representations of the Poincare´ group on the Fock space. Choosing one of these representations and solving the
conditions leads to the form of the field amplitudes that correspond to a unique value of spin and can be interpreted
as describing a particular kind of particles. Further restrictions on the amplitudes follow from causality conditions,
charge conservation, self–adjointness of the interaction density and possibly discrete symmetries. The fields thus con-
structed obey Lorentz invariant equations which can be given Lagrangian formulation. Then, the conserved currents
of physical interest can be inspected by means of Noether theorem, the interaction terms and the S–matrix can be
constructed. See the classical reference [1] for a review of this approach to QFT.
In fact, the Lagrangians of such theories are invariant under the global action of the Poincare´ group where the
translations act trivially. The Lorentz group, on the other hand, can act trivially (e.g. for a scalar field) or non–
trivially (e.g. for a vector or a spinor field). A natural question is in order: what is the reason for classifying causal
fields by representations of the Lorentz group only and not the full Poincare´ group? In other words, why are all the
finite–dimensional representations of the Poincare´ group that classify the fields non–faithful?
This question if of particular interest in the connection with the attempts to describe all the ineractions within
a conceptually unified framework, at least on the classical level. Assume that gravity is sufficiently small to be
neglected in some sort of experiments. Then special relativity implies that every theory accounting for the results of
these experiments need to be invariant under the global action of the Poincare´ group corresponding to the passage
from one inertial observer to another. The basic idea of the Poincare´ gauge theory of gravity (PGT) is to introduce
gravity by localization of this fundamental symmetry. Since the pioneering work of Yang and Mills on the strong
interactions [2], such an approach to the description of interactions that is based on localization of global symmetries
has proved extremely successful in the non–gravitational sector. The idea of describing gravity in a similar way has
now a long history. Initially, gravity was viewed as a gauge theory of the Lorentz group by Utiyama [3]. Then Kibble
[4] observed that promoting the whole Poincare´ group to the gauge group has a lot of advantages. Among them,
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1 More precisely, its universal covering group, if spinor representations are to be included. This remark should be understood to hold
throughout the paper.
2one is not forced to introduce a cotetrad on space–time ad hoc – it can be related to the translational gauge fields
and derived via the localization procedure, in much the same way as a space–time connection. Further investigations
of the idea where made (see e.g. [5] for a review), but the translational and homogeneous parts of the group were
not really treated on the same footing until the work of Grignani and Nardelli [6], where the authors realized that
only after additional fields are introduced on space–time can the theory be cast into the form that is truly similar
to the geometric setting of standard Yang–Mills theories. These fields, called the Poincare´ coordinates, transform
as Poincare´ vectors under gauge transformations. In fact, their geometric interpretation in terms of the theory of
connections on a principal fiber bundle of affine frames was given much earlier by Trautman [7], but the physical
interpretation in the usual formulation of the theory in terms of sections of the bundle was not discussed there. What
is more, the complete affine group was considered as a gauge group, rather than merely its Poincare´ subgroup. For an
exhaustive review of possible approaches to the gauge formulation of gravity, see [8]. It is important to remember that
the Poincare´ group remains the most natural candidate for the gauge group from the physical point of view because
of its relation to the principle of equivalence of special relativity.
However, this approach to the theory of gravity can be criticized. One of the points that are rised by the oponents
of PGT is that one does not normally see the translations acting. The translational gauge fields are hidden within
the cotetrad that transforms homogeneously under the action of the Poincare´ group. What is more, all the physically
important matter fields are translational scalars. Therefore, their gravitational covariant derivatives do contain
generically the Lorentz gauge fields that give rise to the space–time connection, but do not contain the translational
gauge fields. These observations may lead to the conclusion that gauging translations is a somewhat artifficial
procedure and one should rather aim to formulate gravity as a gauge theory of the Lorentz group, following Utiyama,
or abandon the gauge approach at all. However, these doubts concerning the relevance of PGT would dispel if the
quantum fields that transform under faithful representations of the Poincare´ group were discovered in nature. But is
it possible to construct a quantum theory of such fields consistently? If it is, will they differ physically from standard
quantum fields? These questions are of particular importance at the time of LHC beginning to collect new data. If the
physical properties of Poincare´ quantum fields are not worked out, it may well be the case that thay will be discovered
but not recognized. In order to avoid misinterpretation of the data, it is important to extend quantum field theory to
include fields that transform nontrivially under translations. Although the classical theory of such fields attracted a
lot of interest in the course of time [6][9][10][11], with the particular emphasis laid on Poincare´ spinors, the quantum
theory of such fields was not satisfactorily investigated, according to the best knowledge of the author of this article.
We will discuss such a theory in Section II. It will appear that the quantum approach to the problem gives a better
understanding and deeper insight into some aspects of the corresponding classical theory that were not satisfactorily
addressed in the hitherto accounts on Poincare´ fields. In section III, the construction of interaction terms will be
addressed and the simplest gauge theory of electromagnetism will be considered. The generalisation to the case of
non–abelian gauge theories whose gauge groups act on fields independently on the action of the Poincare´ group is
straightforward and the case of gravity is going to be considered in the forthcoming paper. In section IV we draw the
conclusions.
II. FREE CAUSAL FIELDS IN QUANTUM FIELD THEORY WITH NONTRIVIAL TRANSLATIONS
A. General formalism
In this section we shall parallel the basic derivations of [1] allowing for the presence of nontrivial genera-
tors of momenta in the representations that classify the quantum fields. Let U(Λ, b) = U(b)U(Λ), U(b) =
exp (ib · P ) , U (Λ(ε)) = exp ( i2εabJab) be the irreducible unitary representation of the universal covering of the
Poincare´ group. Here P a, Jab are the self–adjoint generators of translations and Lorentz rotations belonging to the
corresponding representation of the Poincare´ algebra, ε ≡ (εab) ∈ so(1, 3) is such that Λ (ε) ab = δab + εab + . . . ,
b ≡ (ba) are the parameters of space–time translation and · denotes the Minkowski product, b · P = ηabbaP b,
η = diag(1,−1,−1,−1). We shall restrict ourselves to the massive representations for which P · P = m2, where
m > 0 is interpreted as a mass of a particle. Then the little group that leaves the standard momentum k = (m, 0, 0, 0)
invariant is SO(3) and its universal covering is SU(2). Let Dj denote the irreducible unitary representations of SU(2)
labeled by spin j = 0, 12 , 1 . . .
2. Let Ψp,σ be the (distributional) basis of the space of one–particle states with well
established value of momentum p and the projection of spin on the third spatial axis in the rest frame σ. The action
2 Note that the expressions of the form Dj(R) for R ∈ SO(3), which we shall use for simplicity, are multi–valued for half–integer values
of j.
3of the representation U on this basis is
U(Λ, b)Ψp,σ = e
ib·ΛpDj (WΛ,p)σ′σ ΨΛp,σ′ , (II.1)
where Lp ∈ SO(1, 3) is the standard bust, Lpk = p, given explicitly by
Lp =
(
p0
m
p
T
m
p
m
13 +
pp
T
m(p0+m)
)
(II.2)
(think of p ∈ R3 as a column matrix) and WΛ,p = LΛp−1ΛLp belongs to the little group of k. We shall follow the
normalization convention according to which Ψp,σ = U(Lp)Ψk,σ. The one–particle states are created from vacuum
according to a†p,σΨ0 = Ψp,σ, where Ψ0 represents the vacuum state, normalized to unity. The commutation relations
for creation and annihilation operators are adopted in the form
[ap,σ, a
†
p′,σ′ ]∓ = (2π)
32p0δ(p− p′)δσ,σ′ , [ap,σ, ap′,σ′ ]∓ = [a†p,σ, a†p′,σ′ ]∓ = 0 , (II.3)
where the upper sign in ∓ denotes the commutator and refers to bosons, while the lower one denotes the anti–
commutator and refers to fermions (in all the formulas the on–mass–shall condition p0 =
√
p2 +m2 should be
understood to hold). Assuming the invariance of the vacuum U(Λ, b)Ψ0 = Ψ0, one can derive from (II.1) the
transformation law for the creation operators
U(Λ, b)a†p,σU
−1(Λ, b) = eib·ΛpDj (WΛ,p)σ′σ a
†
Λp,σ′ , (II.4)
from which the transformation law for the annihilation operators follows by conjugation.
Let us introduce creation and annihilation fields
ψ+l (x) =
∫
ulσ(x, p)ap,σ dΓp , ψ
−
l (x) =
∫
vlσ(x, p)a
†
p,σ dΓp , (II.5)
where dΓp =
d3p
(2pi)32p0 is the Lorentz–invariant measure. We shall require that these fields satisfy the transformation
law
U(Λ, b)ψ±l (x)U
−1(Λ, b) = ρ−1ll′ (Λ, b)ψ
±
l′ (Λx+ b) , (II.6)
where
ρ(Λ, b) = ρ(b)ρ(Λ) , ρ(b) := ρ (1, b) = exp (ib · P) ,
ρ(Λ(ε)) := ρ (Λ(ε), 0) = exp
(
i
2
εabJ
ab
)
(II.7)
is a finite–dimensional (non–unitary) representation of the Poincare´ group. Thus the formula differs from the one
considered in [1] by the presence of the non–zero momentum generators Pa. Note that for Λ = 1 and infinitesimal b
(II.6) implies that
[Pa, ψ
±(x)]− = (−i∂a − Pa)ψ±(x) . (II.8)
Using (II.4), the consistency conditions relating the representations U and ρ can be derived
ρ−1(Λ, b)u(Λx+ b,Λp) = e−ib·Λpu(x, p)Dj
−1
(WΛ,p) ,
ρ−1(Λ, b)v(Λx+ b,Λp) = eib·Λpv(x, p)Dj
T
(WΛ,p) ,
(II.9)
where u and v denote matrices whose entries are ulσ and vlσ respectively and
T stands for the transposition of a
matrix. For pure translations one gets
u(x+ b, p) = e−ib·pρ(b)u(x, p) , v(x+ b, p) = eib·pρ(b)v(x, p) . (II.10)
The solution is provided by the following form of the amplitudes u and v
u(x, p) = e−ip·xρ(x)u(p) , v(x, p) = eip·xρ(x)v(p) , (II.11)
4where u(p) ≡ u(0, p) and v(p) ≡ v(0, p) do not depend on x. Thus the fields ψ±(x) are not just the Fourier trans-
forms, as in the conventional QFT. Inserting (II.11) into (II.9) and employing the composition law ρ(Λ, a)ρ(Λ′, a′) =
ρ(ΛΛ′,Λa′ + a) we get the standard Weinberg conditions
u(Λp) = ρ(Λ)u(p)Dj
−1
(WΛ,p) , v(Λp) = ρ(Λ)v(p)D
jT (WΛ,p) . (II.12)
Hence, the x–independent parts of the amplitudes satisfy the conditions of standard theory. In particular, it follows
that
u(p) = ρ(Lp)u(k) , v(p) = ρ(Lp)v(k) ,
u(k) = ρ(R)u(k)Dj
−1
(R) , v(k) = ρ(R)v(k)Dj
T
(R) ,
(II.13)
for the standard momentum k and any rotation R. Only the dependence of ψ± on x is changed by the presence of ρ(x).
The last two equations of (II.13) tell us simply that u(k) plays a role of a morphism between the representations ρ(R)
and Dj(R), whereas v(k) is a morphism between ρ(R) and Dj∗(R). The representations Dj (and Dj∗) are irreducible.
If ρ provided an irreducible representation as well when restricted to the rotational subgroup of the Poincare´ group,
then Shur’s lemma would imply that the amplitudes either vanish or are isomorphisms (i.e. square matrices). In
general, however, ρ(R) is not irreducible, but rather acquires (in the appropriate basis) a block–diagonal form
ρ(R) =


ρ1(R) 0 0
0
. . . 0
0 0 ρM (R)

 , (II.14)
where the representations ρi are irreducible and zeros mean zero matrices of appropriate shapes and dimensions. If
the amplitudes are divided correspondingly as
u(k) =


u1
...
uM

 , v(k) =


v1
...
vM

 , (II.15)
where the number of rows of the matrices ui, vi equals the dimension of the corresponding representation ρi, then the
last two equations of(II.13) will reduce to the collection of matrix equations ρi(R)ui = uiDj(R), ρi(R)vi = viDj∗(R),
i = 1, . . .M . All the representations that occur here are now irreducible and hence Shur’s lemma applies. For a fixed
value of spin j it follows that ui (or vi) can be nonzero only if the corresponding representation ρi has dimension
2j + 1 = dim
(
Dj
)
= dim
(
Dj∗
)
. Hence, the representation ρ can describe a particle with spin j only if it contains
at least one 2j + 1–dimensional irreducible representation of the group of rotations. After the last two equations
of (II.13) are solved, the amplitudes are composed of blocks of (2j + 1) × (2j + 1)–dimensional non–zero matrices,
possibly separated by some blocks of zeros. This zeros may seem superfluous at first, but they may be filled by non–zero
expressions when the amplitudes are busted (e.g. for Lorentz–vector field of spin j = 1). Also, the different non–zero
blocks that transform completely independently under rotations may be mixed by discrete symmetries such as parity
(e.g. the Dirac field) or by the action of the complete representation ρ of the Poincare´ group (e.g. Poincare´–vector
field, see Section II C).
In order to satisfy requirements of conservation of electric charge and self–adjointness of an interaction density
composed of causal fields, it is necessary to consider the combinations [1]
ψ(x) = ψ+(x) + ψ−
c
(x) , (II.16)
where ψ−
c
(x) =
∫
dΓpv(x, p)a
c†
p and c stands for anti–particle (for electrically neutral particles a
c = a). The fields
ψ± and ψ±
c
, and hence also ψ, are assumed to transform according to the same representation ρ of the Poincare´
group. The fields should also satisfy the causality condition – the commutator
[ψl(x), ψ
†
l′ (x
′)]∓ =
[
ρ(x)
∫ (
e−ip·(x−x
′)N(p)∓ eip·(x−x′)M(p)
)
dΓp ρ
†(x′)
]
ll′
,
N(p) = u(p)u†(p), M(p) = v(p)v†(p),
(II.17)
ought to vanish for space–like interval x − x′ (also [ψl(x), ψl′ (x′)]∓ should satisfy the condition, but for charged
particles it is fulfilled automatically).
5Discrete symmetries
If there are many non–zero blocks ui or vi in the decomposition (II.15) of the amplitudes, then the relative weights
of these blocks will not be fixed by equations (II.13). One can make use of discrete symmetries C,P and T to limit
this arbitrariness. The parity P appears to be particularly important. Let P = diag(1,−1,−1,−1) represent the
parity operation in Minkowski space. In order for the quantum theory to be parity invariant, there should exist a
unitary transformation P acting on the space of states and satisfying the following commutation relations with the
generators of the unitary representation U of the Poincare´ group
PP aP−1 = PbaP b , PJabP−1 = PcaPdbJcd . (II.18)
The action of this transformation on annihilation and creation operators is
Pap,σP
−1 = η∗aPp,σ , Pa
c†
p,σP
−1 = ηcac†Pp,σ , (II.19)
where η (ηc) is the internal parity of the particle (anti–particle). The action of parity on fields is then
Pψ+(x)P−1 = η∗ρ(x)
∫
e−ip·Pxρ (LPp)u(k)ap dΓp ,
Pψ−
c
(x)P−1 = ηcρ(x)
∫
eip·Pxρ (LPp) v(k)a
c†
p dΓp .
(II.20)
We have suppressed the indices l and σ (think of the above formulas in terms of matrix multiplication). Also the change
of integration variables was performed p→ Pp and the invariance of the measure was employed. The transformation
formula may acquire a simple form when expressed in terms of causal fields if there exists a matrix
ρ
P , acting in the
linear space of representation ρ, such that
ρ (LPp) =
ρ
P ρ(Lp)
ρ
P ,
ρ
P u(k) = buu(k) ,
ρ
P v(k) = bvv(k) , bu, bv ∈ C .
(II.21)
Then (II.20) is reduced to
Pψ+(x)P−1 = η∗buρ(x)
ρ
P ρ−1(Px) ψ+(Px) ,
Pψ−
c
(x)P−1 = ηcbvρ(x)
ρ
P ρ−1(Px) ψ−c(Px) .
(II.22)
It is clear that in order for the total field (II.16) to transform reasonably under parity, the relation ηcbv = η
∗bu must
hold. Then the field transforms according to
Pψ(x)P−1 = η∗buρ(x)
ρ
P ρ−1(Px) ψ(Px) . (II.23)
Note that the transformation in general explicitly depends on x. This feature of the theory may seem strange at first,
but in fact does not lead to any detectable physical effects since the fields themselves are not directly measurable.
Rather the interaction terms obtained from them are physically important and these are parity invarant, if constructed
properly.
The remaining discrete symmetries can be similarly implemented by introduction of a unitary operator C and
anti–unitary operator T that act on the annihilation and creation operators as
Ca†p,σC
−1 = ξa†p,σ , T a
†
p,σT
−1 = ζ(−1)j−σa†Pp,−σ , (II.24)
where ξ and ζ are the internal phases of charge conjugation and time reversal. For general representation ρ of the
Poincare´ group, their action on fields will exhibit explicite dependence on the space–time point, just as in the case of
parity.
Let us now consider the examples. The only one–dimensional representation of the Poincare´ group is the trivial
one, therefore there is no need to consider scalar field. For the vector field the relevant representation of the Lorentz
group is its fundamental representation in R4, ρ(Λ)ab = Λ
a
b, which cannot be extended to the faithful representation
of the whole Poincare´ group in R4. The situation is much different for the Dirac field and the Poincare´–vector field.
We shall consider these two cases separately.
6B. The Dirac field
The standard spinor representation of the Lorentz group is given by the generators
J
ab = − i
4
[γa, γb]− , (II.25)
where γa are the Dirac matrices satisfying [γa, γb]+ = 2η
ab1, for which we shall choose a convenient representation
γa =
(
0 σa
σ¯a 0
)
, σ0 = σ¯0 = 1, σ¯i = −σi, (II.26)
where σi are Pauli matrices. The representation admits a unique extension to the faithful representation of the
Poincare´ group on C4 provided by the generators of translations
P
a = αγa(1 + sγ5) , (II.27)
where γ5 = −iγ0γ1γ2γ3, s = ±1 and α is a parameter of dimension of mass in natural units c = ~ = 1. We shall
restrict ourselves to real values of α for which the representation ρ satisfies a pseudo–unitarity condition ρ†(Λ, b) =
γ0ρ−1(Λ, b)γ0. The conditions (II.13), which can be imposed on the amplitudes for j = 1/2 only because of Shur’s
lemma, lead to the following form of the amplitudes for standard momentum
u(k) =


c+ 0
0 c+
c− 0
0 c−

 , v(k) =


0 −d+
d+ 0
0 −d−
d− 0

 , c+, c−, d+, d− ∈ C. (II.28)
One can then calculate u(p) and v(p) using
ρ (Lp) = ρ
† (Lp) =
m+ paγ
aγ0√
2m (p0 +m)
. (II.29)
It can now be readily proved that the causality condition (II.17) will be fulfilled if and only if
c+c
∗
− = ±d+d∗− , |c+|2 = ∓|d+|2 , |c−|2 = ∓|d−|2 . (II.30)
The last two equations can be satisfied only with the lower sign. It follows that the modified Dirac field necessarily
describes fermions of spin 12 , just like the standard one.
Let us finally investigate whether the theory can be made manifestly parity invariant. The relations (II.21) are
valid for
ρ
P= γ0. Since γ0γ0 = 14, it is necessary that bu, bv = ±1. It then follows from (II.21), (II.28) and (II.30)
that bv = −bu, |c−| = |c+| = |d−| = |d+|, c− = buc+, d− = −bud+. If ψ is to have well established transformation
properties with respect to parity, it is necessary that ηc = −η∗. Finally, using the possibility of changing relative phase
of annihilation and creation operators, the freedom of performing global rescaling of the field and that of replacing ψ
by γ5ψ, we can cast the amplitudes into the standard form
u(k) =
√
m


1 0
0 1
1 0
0 1

 , v(k) = √m


0 −1
1 0
0 1
−1 0

 , (II.31)
where the factor
√
m is necessary in order for ψ to have dimension −3/2. Note that the action of parity transformation
on the field ψ(x) explicitly depends on x, Pψ(x)P−1 = η∗ρ(x)γ0ρ−1(Px)ψ(Px). This dependence would not be present
if the generators P satisfied the appropriate commutation relations with γ0
γ0Paγ0 = PbaPb (II.32)
(compare (II.18)). However, the only possible nontrivial generators for the Dirac field (II.27) do not possess this
property. The C and T symmetries can be implemented without further restrictions on the amplitudes.
Since the field is of the form
ψ(x) = ρ(x)ψ˜(x) , (II.33)
7where ψ˜(x) possesses all the properties of the standard Dirac field, the modified field ψ should satisfy the equation
derived from (II.33) under the assumption that ψ˜ obeys the usual Dirac equation. Explicitly,
(iγa∂a −m) ψ˜(x) = 0 ⇒
[
γ˜a(x) (i∂a + Pa)−m
]
ψ(x) = 0 ,
γ˜a(x) := ρ(x)γaρ−1(x) .
(II.34)
This equation can be derived from the Lagrangian density
L0 = ψ(x)
[
γ˜a(x) (i∂a + Pa)−m
]
ψ(x) , (II.35)
or the Lagrangian four–form
L0 = −i (⋆dxa) ∧ ψγ˜adψ − ψ (m− γ˜aPa)ψ d4x , (II.36)
where ψ = ψ†γ0 is the Dirac conjugation, ⋆ is the Hodge star of Minkowski metric, i.e. ⋆dxa =
1
6ǫabcddx
b ∧ dxc ∧ dxd,
where ǫabcd is the totally anti–symmetric symbol with ǫ0123 = 1, and d
4x = dx0∧dx1∧dx2∧dx3 is the volume form of
Minkowski metric. This four–form is clearly Poincare´ invariant under the global action of the relevant representation,
ψ → ρ(Λ, b)ψ ⇒ ψ → ψρ−1(Λ, b) , γ˜a → Λabρ(Λ, b)γ˜bρ−1(Λ, b) , dxa → Λabdxb . (II.37)
The transformation formula for γ˜a follows from
γ˜a(Λx+ b) = ρ(Λx+ b)γaρ−1(Λx+ b) = ρ(Λ, b)ρ(x)ρ−1(Λ)γaρ(Λ)ρ−1(x)ρ−1(Λ, b)
= Λabρ(Λ, b)γ˜
b(x)ρ−1(Λ, b) .
(II.38)
The fact that the new field is related via (II.33) to the standard Dirac field seems to suggest that all the physical
properties of ψ will be indistinguishable from those of ψ˜. This supposition is further supported by observation that all
the Noether currents of physical importance will express in exactly the same way in terms of annihilation and creation
operators when calculated for the field ψ˜ and ψ (see the Appendix VII for the proof). However, considering the
generalized field that transforms under the faithful representation of the Poincare´ group has important consequences
for PGT that will be discussed in the forthcoming paper in which gravity will be included.
C. The Poincare´–vector field
Let us now consider a faithful representation of the Poincare´ group in R5 defined by
ρ(Λ, b) =
(
Λ αb
0 1
)
, Λ ∈ SO(1, 3) , b ∈ R4 , α ∈ R . (II.39)
The parameter α corresponds to the possibility of rescaling of P and thus is analogues to α that was introduced for
the Dirac field. The representation of the group of rotations that is contained in ρ is a simple sum of two trivial
representations and the fundamental one. The corresponding matrix acquires a block–diagonal form
ρ(R) =

 1 0 00 R 0
0 0 1

 , R ∈ SO(3) , (II.40)
where zeros are zero–matrices of appropriate shapes and dimensions. Using the notation introduced in (II.15) one
can conclude that the last two equations of (II.13) can be solved either for j = 1, u1 = u3 = v1 = v3 = 0 or for
j = 0, u2 = v2 = 0.
The j = 1 case
This case is not really interesting, since the amplitude is then of the form
u(p) = ρ(Lp)u(k) =
(
Lp 0
0 1
)(
u˜(k)
0
)
=
(
u˜(p)
0
)
, (II.41)
where u˜ is the amplitude for the standard vector field. From (II.11) it then follows that the total x–dependent
amplitude is of the form
u(x, p) = e−ip·xρ(x)u(p) = e−ip·x
(
14 αx
0 1
)(
u˜(p)
0
)
= e−ip·xu(p) . (II.42)
8Similar result holds for v. The creation and annihilation fields are thus Fourier transforms of the standard momentum–
dependent amplitudes for vector field of spin 1, with the unimportant row of zeros added.
The j=0 case
Since the amplitudes are of the form
u(k) =
(
c0
m
k
c4
)
, v(k) =
(
d0
m
k
d4
)
, c0, c4, d0, d4 ∈ C , (II.43)
where k = (m, 0, 0, 0) is the standard momentum, it follows that
u(x, p) = e−ip·xρ(Lp, x)u(k) = e
−ip·x
(
c0
m
p+ c4αx
c4
)
,
v(x, p) = eip·xρ(Lp, x)v(k) = e
ip·x
(
d0
m
p+ d4αx
d4
) (II.44)
(think of x and p as column matrices whose entries are the components of four–momentum and Minkowskian coordi-
nates, respectively).
Note that parity invariance does not limit the freedom of choice of the parameters at all. The relations (II.21) are
satisfied for
ρ
P=
( P 0
0 1
)
, bu = bv = 1 . (II.45)
What is more, the parity transformation acts on fields in an x–independent way, since ρ(x)
ρ
P ρ−1(Px) =
ρ
P . The other
discrete symmetries C and T can also be easily implemented without any further restrictions on the parameters.
The causality condition (II.30) is satisfied if and only if
|c0|2(∂a∂b△)(x− x′)∓ |d0|2(∂a∂b△)(x′ − x) = 0 ,
c0c
∗
4(∂a△)(x − x′)∓ d0d∗4(∂a△)(x′ − x) = 0 ,
c∗0c4(∂a△)(x − x′)∓ d∗0d4(∂a△)(x′ − x) = 0 ,
|c4|2△(x− x′)∓ |d4|2△(x′ − x) = 0
(II.46)
for space–like x− x′, where △(x) := ∫ e−ip·xdΓp. The function △ is even for space–like x, hence its derivative is odd
and the second derivative is again even. Hence, the condition reduces to
|c0|2 ∓ |d0|2 = 0 , |c4|2 ∓ |d4|2 = 0 , c0c∗4 ± d0d∗4 = 0 , (II.47)
that can be satisfied with the upper sign only. Hence, the particles under investigation are bosons. Adjusting the
relative phase of the annihilation and creation operators and rescaling globally the field ψ = ψ+ + ψ−c it is possible
to achieve c4 = d4 = 1 (note that the dimension of the field was thus determined to be −1, as it should for a spinless
particle). After this is done, the phases and scaling are fixed, so one cannot perform the same operation on c0 and d0.
However, from (II.46) it now follows that d0 = −c0. The remaining freedom of the parameters c0 and α cannot be
restricted by discrete symmetries. We shall see however below that the Lagrangian formulation suggests a particular
value of c0.
After the causality condition is imposed on the amplitudes, the field is equal to
ψ(x) =
∫ (
u(x, p)ap + v(x, p)a
c†
p
)
dΓp = ρ(x)ψ˜(x) =
(
Φ˜(x) + αxφ(x)
φ(x)
)
=
(
Φ(x)
φ(x)
)
,
φ(x) =
∫ (
e−ip·xap + e
ip·xac†p
)
dΓp , Φ˜
a(x) =
ic0
m
(∂aφ) (x) , Φ(x) = Φ˜(x) + αxφ(x) ,
(II.48)
where
ψ˜ =
(
Φ˜
φ
)
(II.49)
satisfies the Klein–Gordon equation
(
+m2
)
ψ˜ = 0. Similarly to the Dirac field case, note that m is just the
parameter that determines the mass shall (p · p = m2), and hence the invariant measure dΓp, and has nothing to do
with α, the latter being related to the way of embedding the Poincare´ group in End(R5).
9The relevant field equations, when written in terms of the components of ψ˜, are
Φ˜a =
ic0
m
∂aφ ,
(
+m2
)
φ = 0 . (II.50)
To provide a Lagrangian formulation for them, we shall consider separately the case of real and complex field. If ψ is
to be a real field, it is necessary that c0 = ir for some r ∈ R. The Lagrangian can then be given as
L = −m
r
Φ˜a∂aφ− 1
2
(m
r
)2
Φ˜aΦ˜
a − 1
2
m2φ2 . (II.51)
It would be useful to be able to express the Lagrangian in terms of the entire field ψ˜ and matrices representing
operations of well established physical or geometrical meaning. It appears that this is possible only if r = −s, where
s = ±1. Then
L = sm
α
ψ˜T
ρ
P (iPa) ∂aψ˜ − 1
2
m2ψ˜T
ρ
P ψ˜ . (II.52)
Certainly, one could express (II.51) in terms of ψ˜ for any value of r using the matrices
(
η 0
0 0
)
and
(
0 0
0 1
)
but
these do not posses such a straightforward physical interpretation as
ρ
P , which simply represents the implementation
of parity transformation on the space of fields. Therefore, we will further consider the Lagrangian density (II.52),
which gives rise to the following Lagrangian density for ψ
L (ψ, ∂aψ, x) = sm
α
ψT P˜(x)Pa (i∂a + Pa)ψ − 1
2
m2ψT P˜(x)ψ ,
P˜(x) := ρT (−x) ρP ρ(−x) .
(II.53)
Note that the entries of the matrices Pa are imaginary and hence the Lagrangian is real. For later convenience, let us
rewrite this Lagrangian density as a Lagrangian four–form
L = −smi
α
(⋆dxa) ∧ ψT P˜(x)Padψ − 1
2
m2ψT P˜(x)ψd4x , (II.54)
where we have used the fact that PaPb = 0 for the representation under consideration. This four–form is clearly invari-
ant under the global action of the Poincare´ group ψ → ρ(Λ, b)ψ, x→ Λx+b. To see this, use P˜ → ρ−1T (Λ, b)P˜ρ−1(Λ, b)
and ρ−1(Λ, b)Paρ(Λ, b) = ΛacP
c (the first transformation formula follows from P˜(Λx+ b) = ρ−1T (Λ, b)P˜(x)ρ−1(Λ, b)
and the second from the commutation relations for the Poincare´ algebra).
If the field is complex, c0 need not be restricted to the imaginary values and the real Lagrangian density generating
the appropriate field equations is
L = im
c∗0
Φ˜a∗∂aφ− im
c0
Φ˜a∂aφ
∗ −
(
m
|c0|
)2
Φ˜∗aΦ˜
a −m2φ∗φ . (II.55)
To express it in terms of ψ˜, one has to assume that c0 is a pure phase, c0 = e
iβ, β ∈ R. The Lagrangian is then
L = −m
α
(
eiβψ˜†
ρ
P Pa∂aψ˜ + e−iβ∂aψ˜†Pa†
ρ
P ψ˜
)
−m2ψ˜† ρP ψ˜ . (II.56)
The Lagrangian density (and four–form) for ψ can be found by using ψ˜(x) = ρ−1(x)ψ(x). The important difference
when compared to the real case is that the free parameter c0 was fixed by Lagrangian formalism only up to the choice
of real parameter β. Note that the variation with respect to Φ˜a in (II.55) (or with respect to the first four components
of ψ˜† in (II.56)) gives the equation Φ˜a = ic0
m
∂aφ (or Φ˜a = i
m
eiβ∂aφ), which, when inserted back to (II.55) (or (II.56)),
leads to the standard Lagrangian density for a complex scalar field
Lst = ∂aφ∗∂aφ−m2φ∗φ . (II.57)
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III. INTERACTIONS
A. General procedure for constructing interaction terms
In order to assert the Lorentz invariance of the S matrix, conform to the cluster decomposition principle and ensure
electric charge conservation in standard quantum field theory [1], the interaction needs to be described in terms of
the interaction density H(x) constructed from fields according to
H(x) =
∑
N
∑
l1...lN
gl1···lN : ψ
(1)
l1
(x) · · ·ψ(N)lN (x) : , (III.1)
where ψ(i) are causal fields constructed according to all the principles reviewed in Section II, : : denotes normal
ordering and gl1···lN are numerical coefficients that satisfy∑
l1...lN
gl1···lNρ
(1)
(
Λ−1
)
l1l
′
1
· · · ρ(N) (Λ−1)
lN l
′
N
= gl′1···l′N . (III.2)
if the fields ψ(i) transform trivially under translations, this procedure guaranties that the interaction density is a
scalar, U0(Λ, b)H(x)U−10 (Λ, b) = H(Λx + b) 3. If, however, the fields do transform under faithful representations of
the Poincare´ group, then the procedure should be modified. The coefficients gl1···lN have to be replaced by functions,
gl1···lN (x) = g˜k1···kN ρ
(1)
k1l1
(−x) · · · ρ(N)kN lN (−x) , ρ(i)(x) = eix·P
(i)
, (III.3)
where P(i)
a
are the generators of translations of the representation of the Poincare´ group under which ψ(i) transforms
and the numerical coefficients g˜l1···lN satisfy the standard condition (III.2). This generalized procedure guarantees
the scalar nature of H in the case of nontrivial realization of translations. However, when it is applied, the interaction
density H appears to be the same as the one that would be obtained in a standard way from the Lorentz transforming
fields ψ˜(i)(x) = ρ(i)
−1
(x)ψ(i)(x) with the coefficients g˜l1···lN . This observation shows very clearly that the scattering
theory of the fields ψ(i) that transform non-trivially under translations is necessarily equivalent to the theory of the
fields ψ˜(i) that do not feel translations.
Surprisingly enough, in spite of the above mantioned equivalence, considering fields that transform under faithful
representations of the Poincare´ group may still lead to the physically interesting consequences. Although one can
always find a theory of a Lorentz field that is equivalent to a given theory of the Poincare´ field, this Lorentz field
theory may seem to be an artificial one in such a way that normally it would not be considered at all. Only the
recognition that it is equivalent to a theory of some indecomposable4 representation of the Poincare´ group can make
it worth consideration. To illustrate this issue, let us consider a spin zero real field, equipped with the simplest
potential term that yields a renormalizable theory with positive–definite Hamiltonian. If the standard theory of a
scalar field is used, the relevant potential term is λφ4, λ > 0. This term is just proportional to the square of a mass
term in the free Lagrangian. If the Poincare´–vector field is used instead, constructing a potential proportional to the
square of a “mass term” (the term proportional to m2 in (II.52)) would result in a theory with the Lagrangian density
L = sm
α
ψ˜T
ρ
P (iPa) ∂aψ˜ − 1
2
m2ψ˜T
ρ
P ψ˜ − λ
(
ψ˜T
ρ
P ψ˜
)2
, (III.4)
which would result in non–positive Hamiltonian and hence should be rejected. There is, however, another natural
candidate for a potential, namely the term ψ˜T
ρ
P
(
i
α
Pa
)
ψ˜ψ˜T
ρ
P
(
i
α
Pa
)
ψ˜ = φ2Φ˜aΦ˜
a. The Lagrangian
L = sm
α
ψ˜T
ρ
P (iPa) ∂aψ˜ − 1
2
m2ψ˜T
ρ
P ψ˜ − λ
2
ψ˜T
ρ
P
(
i
α
P
a
)
ψ˜ψ˜T
ρ
P
(
i
α
Pa
)
ψ˜
= smΦ˜a∂aφ− 1
2
m2Φ˜aΦ˜
a − 1
2
m2φ2 − λ
2
φ2Φ˜aΦ˜
a
(III.5)
3 The subscript 0 in U0 means that the generators of the transformation U0(Λ, b) are those of free theory and not the interacting one.
Also the fields that appear in this subsection are the interaction picture fields whose evolution is governed by the Hamiltonian of the
free theory.
4 The notion of indecomposability should not be confused with that of irreducibility. See e.g. [12] for definitions.
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yields the Hamiltonian density
t00 =
∂L
∂(∂0φ)
∂0φ− L = 1
2
m2
[(
Φ˜0
)2
+ φ2
]
− smΦ˜i∂iφ− 1
2
m2Φ˜iΦ˜i +
1
2
λφ2
[(
Φ˜0
)2
− Φ˜iΦ˜i
]
(III.6)
(here t00 is the relevant component of the Noether energy–momentum tensor). It is not clear from this expression
that the Hamiltonian is positive. However, if the field equation
sm∂aφ = m
2Φ˜a + λφ
2Φ˜a (III.7)
obtained form the variation of (III.5) with respect to Φ˜a is used, then the energy density can be rewritten as
t00 =
1
2
[(
m2 + λφ2
) (
(Φ˜0)2 + Φ˜iΦ˜i
)
+m2φ2
]
, (III.8)
which is obviously positive for λ > 0. Note that the terms m2φ2 and m2Φ˜aΦ˜
a in the Lagrangian density imply that
the dimension of φ and Φ˜a, in terms of the dimension of mass, is 1. Hence, the coupling constant λ is dimensionless
and the condition for renormalizability (no inverse mass dimensions of coupling constants) is satisfied. We have thus
defined a renormalizable theory with positive energy for a spin zero field with the potential that is second order in field
powers. This theory is not equivalent to the λφ4 theory for a scalar field φ. To see this, note that the Euler–Lagrange
field equations following from (III.5)
(m2 + λφ2)Φ˜a = sm∂aφ ,
sm∂aΦ˜
a +m2φ = −λΦ˜aΦ˜aφ
(III.9)
can be equivalently expressed as
Φ˜a =
sm
m2 + λφ2
∂aφ ,
(
+m2
)
φ+ λφ3 − φ∂aφ∂
aφ
m2 + λφ2
= 0 .
(III.10)
Hence, the field Φ˜a is totally determined by φ, and the independent field φ obyes a nonlinear equation which is clearily
different from the one of λφ4 theory.
The λφ4 theory could also be introduced in the formalism of a Poincare´–vector field by choosing the potential term
λψ˜T
(
0 0
0 1
)
ψ˜ψ˜T
(
0 0
0 1
)
ψ˜ = λφ4 . However, unlike
ρ
P or Pa, the matrix
(
0 0
0 1
)
does not appear in the theory
in a natural way. Therefore, if we decided to use indecomposable faithful representations of the Poincare´ group to
describe physical fields, the more complicated potential constructed in terms of Pa ought to be given the priority in
physical applications. Let us now turn to more realistic interactions.
B. The U(1) gauge theory – electromagnetism
The theory of a free Poincare´–spinor field appears to be just another description of standard fermionic theory.
Also, the free theory of a Poincare´–vector field of spin 0 reduces to the description of a usual scalar field in first
order formalism, although the criteria of what kinds of interactions seem to be more natural then others depend on
the choice of formalism. The hitherto results suggest that perhaps all the physically important fields can be viewed
as caring faithful indecomposable representations of the Poincare´ group (this should be contrasted with the Lorentz
group approach in which a non-faithful representation is necessary to describe a scalar field) . Let us now inspect
how the minimal coupling procedure for Yang–Mills gauge theories works in both formalisms. In this first part of the
paper, we shall consider the simplest example of electromagnetic interaction.
Poincare´–spinor field of spin 1/2
The Lagrangian density (II.35) is clearly invariant under the global U(1) transformations ψ → eiλψ, where λ ∈ R
is a parameter of a transformation. The corresponding conserved Noether current is
ja(x) = ψ(x)γ˜a(x)ψ(x) . (III.11)
The explicit dependence on x that is involved in γ˜a may seem to suggest that strange physical effects may occur when
the current, possibly coupled to electromagnetic field, is observed by inertial observers that are spatially or temporally
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translated with respect to each other (not necessarily in relative motion). However, these effects will not occur, since
the current reduces to the standard one when expressed in terms of annihilation and creation operators, or just in
terms of the Lorentz–transforming field ψ˜(x) = ρ−1(x)ψ(x).
The local action of U(1) is obtained by allowing λ to be a function on space–time. Imposing the invariance of the
Lagrangian (II.35) under such local action by the replacement
Daψ = ∂aψ + ieAaψ , (III.12)
where e is electric charge, and adding the pure gauge field part − 14FabF ab, Fab := ∂aAb − ∂bAa one obtains
Lem = ψ
[
γ˜a(i∂a + Pa)−m
]
ψ − eAaja − 1
4
FabF
ab , (III.13)
where the electromagnetic one–form transforms under gauge transformations as Aa → Aa − 1e∂aλ. Variation with
respect to Aa and ψ yields Maxwell’s equations and the covariant Dirac equation
∂aF
ab = ejb ,
[
γ˜a(x)(iDa + Pa)−m
]
ψ(x) = ρ(x) (iγaDa −m) ψ˜(x) = 0 . (III.14)
Hence, the equations, when written in terms of ψ˜, reduce to those of standard electrodynamics of the Dirac field (use
invertibility of ρ(x)).
Poincare´–vector field of spin 0
The theory can be reduced to that of a Lorentz transforming field ψ˜ in a completely analogous way to the case
of the Dirac field (in both cases this possibility follows from general considerations of Subsection IIIA). Hence, we
shall begin from the start with the Lagrangian density (II.56) that is invariant under global U(1) transformations
ψ˜ → eiλψ˜. The corresponding Noether current is
ja =
im
α
(
eiβψ˜†
ρ
P Paψ˜ − e−iβψ˜†Pa†
ρ
P ψ˜
)
(III.15)
and the U(1) gauge invariant Lagrangian is
Lem = −m
α
(
eiβψ˜†
ρ
P Pa∂aψ˜ + e−iβ∂aψ˜†Pa†
ρ
P ψ˜
)
−m2ψ˜† ρP ψ˜ − eAaja − 1
4
FabF
ab . (III.16)
Note that in both cases turning on electromagnetism leads to the passage L → L− eAaja − 14FabF ab, where L does
not depend on the electromagnetic field. This leads straightforwardly to the interpretation of eja as electric current
four–vector, as it appears as a source in Maxwell’s equations ∂aF
ab = ejb. If standard formalism for a scalar field
described by (II.57) is used instead, the procedure is slightly awkward. The initial conserved current corresponding
to global U(1) symmetry is
Jast = i (φ
∗∂aφ− φ∂aφ∗) (III.17)
and the localization ∂aφ→ Daφ = ∂aφ+ ieAaφ leads to
Lst,em = ∂aφ∗∂aφ−m2φ∗φ− eAajast + e2AaAaφ∗φ−
1
4
FabF
ab , (III.18)
where the additional term e2AaA
aφ∗φ is difficult to interpret at first. However, after the symmetry has been localized,
the original current Jast is no longer conserved. The relevant U(1) Noether current is now
j˜ast = i (φ
∗∂aφ− φ∂aφ∗)− 2eAaφ∗φ . (III.19)
The interpretation of ej˜a as an electric current is reinforced by varying with respect Aa and deriving Maxwell’s
equations in the form
∂aF
ab = ej˜b . (III.20)
Note that the current j˜a explicitly depends on Aa and that the Lagrangian Lst,em is not of the form Lst − eAaj˜a −
1
4FabF
ab. By the comparison, one should appreciate the elegance and simplicity of the description in terms of a non–
standard formalism for the scalar field that is inspired by considering faithful representations of the Poincare´ group.
It should also be noted that the non–standard Lagrangian (III.16) does not contain a derivative interaction terms that
are present in (III.18) and make the quantization more difficult. Nevertheless, in spite of these aesthetic differences,
the resulting theories are classically equivalent: varying (III.16) with respect to Φ˜a∗ (first four entries of ψ˜†) leads to
Φ˜a =
i
m
eiβDaφ which, when inserted back to Lem, reduces it to Lst,em. Note that the relation between Φ˜ and φ is
U(1)–covariant and involves the electromagnetic field. Hence, also the current (III.15) acquires the Aa-dependence
when field equations are partially solved (in fact, it is then equal to j˜ast).
13
IV. CONCLUSIONS
It is possible to construct a theory of quantum fields that transform according to faithful representations of the
Poincare´ group (we shall refer to such fields as Poincare´ fields, whereas the fields that do not feel translations will be
referred to as Lorentz fields).
For every Poincare´ field ψ(x), transforming under the representation ρ(Λ, b), there exists a corresponding Lorentz
field ψ˜(x) = ρ−1(1, x)ψ(x). It was shown that the theory of a free field ψ is equivalent to that of ψ˜. This is true for
both classical and quantum theory, since the field ρ(1, x) providing the difference is purely classical in nature, i.e. it
does not hide any operators acting on the Fock space.
This observation does not mean that considering the Poincare´ fields cannot result in new physical predictions, since
there exist indecomposable representations of the Poincare´ group ρ(Λ, b) that include decomposable representations
ρ(Λ, 0) of the Lorentz group. One would then not expect ρ(Λ, 0) to describe an elementary system, within the standard
framework for QFT (unless the field components corresponding to different constituent irreducible representations of
ρ(Λ, 0) are mixed by discrete symmetries). Rather, one would consider the constituent irreducible representations and
assign the unique, and in general distinct, values of spin to them. If, on the other hand, the faithful representations
of the Poincare´ group are treated seriously, then ρ(Λ, b), being indecomposable, should be considered as describing an
elementary system. The conditions of consistency between ρ(Λ, b) and U(Λ, b) should be imposed, where U(Λ, b) is
an irreducible unitary representation of the Poincare´ group on the Fock space, corresponding to the unique values of
mass m and spin j. In this way, a description of particles characterized by m and j is achieved, which is alternative to
the standard description. Such a situation was depicted on the example of the Poincare´–vector field, which provides
the non–standard description of spin-less particles.
It seems that all the physically important fields can be described in terms of faithful indecomposable represen-
tations of the Poincare´ group, i.e. the non–faithful representations are not needed, if the Poincare´ group is used.
Alternatively, if the Lorentz group is employed, the non–faithful (trivial) representation is necessary to account for
the presence of spin-less particles in nature. Although the j = 0 condition can be satisfied for the faithful Lorentz
vector representation, all the components of the resulting field are then derivatives of a scalar field, which makes
extremely difficult (if possible) providing a satisfactory Lagrangian formulation. Such a theory of spin-less particles
is therefore necessarily incomplete. This difficulty is not present in the Poincare´–vector description, a Lagrangian
formulation of which was presented in Subsection II C.
As could be expected, the important features of QFT, such as the relations between spin and statistics, remain
unaffected by the generalization that is considered. In particular, the Poincare´–spinors were shown to be fermions,
whereas the Poincare´–vector field of spin zero was shown to describe bosons.
The question of an equivalence between the new and the standard way of describing particles becomes a subtle
issue when the interactions are introduced. Certainly, the theory of a field ψ is still equivalent to that of ψ˜, since the
difference provided by ρ(x) is compensated by the necessarily new way of constructing the coefficients gl1···lN that
are involved in the general method of obtaining interaction terms (see Subsection IIIA). Therefore, the theory of
the interacting Poincare´–spinor field is equivalent to the standard theory of the spinor field. For the Poincare´–vector
field of spin zero, where the associated Lorentz field ψ˜ provides a non–standard description of spin-less particles,
the situation is more interesting. It was argued in Subsection IIIA that the most natural potential term for ψ˜
that is of fourth order in field powers yields a theory with positive energy that satisfies a necessary condition for
renormalisability, which is not equivalent to the “phi to the fourth” theory for standard scalar field. This simple
example shows that the potentials that arise naturally within one formalism may seem artificial within the second
one, and vice versa. It would be interesting to inspect more elaborate indecomposable representations of the Poincare´
group and the potential terms that naturally emerge from them.
In the case of the two examples that were considered, minimal coupling of electromagnetism leads to the theories that
are classically equivalent for both formalisms (see Subsection III B), although the identification of the physical electric
current carried by particles seems to be more obvious in the Poincare´ formalism. The analysis and the conclusions
can be readily generalized to the case of nonabelian gauge theories whose gauge group actions are independent of the
action of the Poincare´ group. The case of gravity, for which the gauge group is the Poincare´ group itself, is going to
be considered separately in the forthcoming article.
V. POSSIBLE DIRECTIONS FOR FURTHER INVESTIGATIONS
The fields corresponding to other indecomposable representations of the Poincare´ algebra should be considered (see
Appendix VIII). It would also be interesting to complete the quantization of the theory defined by Lagrangian density
(III.5) and find out whether there are differences in physical predictions, when compared to those of the standard
“phi to the fourth” theory for scalar field.
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It is tempting to postulate that all the possible solutions to the Weinberg consistency conditions that exist for a
given indecomposable representation of the Poincare´ group describe particles which are somehow “related”, although
the precise meaning of this relation cannot be given at this stage of research. For example, the massive scalar field
would then be related to the massive vector field. When looking at numbers designating the dimensions of all the
representations of so(3) that are included in a given indecomposable representation of the Poincare´ algebra iso(1, 3)
(see [14]), it is clear that fermions cannot be related to bosons in this way by means of representations listed in [14] and
hence it is not possible to “rediscover” supersymmetry by considering the content of indecomposable representations
considered in [14]. But the authors of [14] do not claim that the list of indecomposable representations of iso(1, 3)
that they present is complete. It would be extremely interesting to find an indecomposable representation of iso(1, 3)
that contains both even and odd dimensional representations of so(3), or to prove that such representations do not
exist.
As far as the fundamental interactions are concerned, the possibility of consistent inclusion of gravity interpreted
as a gauge theory needs to be considered.
Another important generalization of the investigations of this paper is to account for the case of massless particles
properly.
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VI. APPENDIX: NOTATION AND CONVENTIONS
Throughout the paper a, b, . . . are orthonormal tetrad indices and µ, ν, . . . correspond to a holonomic frame. For
inertial frame of flat Minkowski space, which is both holonomic and orthonormal, we use a, b, · · · ∈ {0, 1, 2, 3} for the
whole space–time and i, j, · · · ∈ {1, 2, 3} for the spatial section. The metric components in an orthonormal tetrad
basis e˜a are g (e˜a, e˜b) = (ηab) = diag(1,−1,−1,−1) and the dual basis of one–form fields (the cotetrad) is denoted
by ea (hence, ea(e˜b) = δ
a
b). Lorentz indices are shifted by ηab. ǫ = e
0 ∧ e1 ∧ e2 ∧ e3 denotes the canonical volume
four–form whose components in orthonormal tetrad basis obey ǫ0123 = −ǫ0123 = 1. The Hodge star action on external
products of orthonormal cotetrad one–forms is given by
⋆ea =
1
3!
ǫabcde
b ∧ ec ∧ ed , ⋆ (ea ∧ eb) = 1
2!
ǫabcde
c ∧ ed , ⋆ (ea ∧ eb ∧ ec) = ǫabcded ,
which by linearity determines the action of ⋆ on any differential form.
VII. APPENDIX: NOETHER THEOREM
Let
S[ΦA] =
∫
L (ΦA, ∂µΦA) d4x (VII.1)
represent the action of a field theory on a smooth manifold M (which is not necessarily the Minkowski space). Here
xµ are arbitrary coordinates and hence L is a scalar density. Let T be the target space in which the collection of
fields Φ take its values. Consider a Lie group G that acts on T as a group of transformations. Let
ΦA −→ Φ′A = ΦA + δΦA (VII.2)
represent the infinitesimal form of the action of G on T . The transformations are called symmetry transformations
if they do not change the action, up to possibly surface terms (and thus leave the form of field equations invariant).
This is equivalent to
∂L
∂ΦA
δΦA +
∂L
∂(∂µΦA)
∂µδΦ
A = ∂µW
µ , (VII.3)
15
where Wµ is a vector density. This can be further expressed as
∂µj
µ =
(
∂µ
∂L
∂(∂µΦA)
− ∂L
∂ΦA
)
δΦA ,
where
jµ =
∂L
∂(∂µΦA)
δΦA −Wµ (VII.4)
is a Noether current associated to the symmetry transformation (VII.2), which is clearly conserved, i.e. ∂µj
µ = 0, if
the Euler–Lagrange equations for fields are satisfied.
An interesting class of transformations in Minkowski space is constituted by these transformations that act on both
the fields and the Minkowskian coordinates ya. The discussion of Noether theorem presented above applies to this
case if the coordinates ya(x) are interpreted as additional fields on space–time. This way of viewing Minkowskian
coordinates appears to be very convenient in PGT. The set of all fields ΦA consists then of matter fields φm and the
so called Poincare´ coordinates ya. The Lagrangian density is of the form
L = £detJ , (VII.5)
where £ is a scalar part of L (which coincides with L in Minkowskian coordinates) and Jaµ := ∂µya is the Jacobi
matrix. In this case, the conserved current (VII.4) can be rewritten in a more convenient form as
ja :=
1
detJ
Jaµj
µ =
∂£
∂(∂aφm)
δφm −
[
∂£
∂(∂aφm)
∂bφ
m − δab£
]
δyb − 1
detJ
JaµW
µ . (VII.6)
In the calculation above the identities
∂£
∂(∂µφm)
= Jµa
∂£
∂(∂aφm)
,
∂£
∂(∂µya)
= −Jµb ∂aφm
∂£
∂(∂bφm)
,
∂detJ
∂(∂µya)
= detJJµa (VII.7)
where used. Note that j is a vector field (not a vector density), whose components in the basis ∂µ are j
µ = Jµa j
a =
1
detJ j
µ. Hence, if the Euler–Lagrange equations hold, then 0 = ∂µ (detJ j
µ) = detJ∇µjµ, where ∇ is the Levi–
Civita connection of the Minkowski metric. Therefore, ∇µjµ = ∇aja = 0. In Minkowskian coordinates the covariant
derivative reduces to partial derivative and hence (VII.6) is also conserved, i.e. ∂aj
a = 0.
Let us now assume that the Lagrangian density is invariant5 under the action of the group of space–time translations
that acts on ya as ya → ya + λba, where λ is an infinitesimal parameter of a transformation and b is an element of
R4. In conventional field theory, the matter fields do not transform under translations, so δφm = 0 and δya = λba
imply that the canonical energy–momentum tensor in the form
tb
a =
∂£
∂(∂aφm)
∂bφ
m − δab£ (VII.8)
is conserved, ∂atb
a = 0. Let us now consider the modified Dirac field, with the Lagrangian given by (II.35). Note
however that the letter x that appears there ought to be replaced by y according to the notation we use here, since it
refers to Minkowskian coordinates. Note also that L0 ≡ £0 and that ψ and ψ have to be considered as independent
fields. Since δψ = iλb ·Pψ and δψ = −iλψb ·P (think of ψ and ψ as a column and raw matrix respectively), it follows
that
ja = −λbb (ψγ˜a(y)Pbψ + iψγ˜a(y)∂bψ − δabL0) (VII.9)
and hence the appropriate energy–momentum tensor for the field ψ is
tb
a = ψγ˜a(y)Pbψ + iψγ˜
a(y)∂bψ − δabL0 . (VII.10)
The presence of the first component makes this expression look differently from the conventional energy–momentum
tensor for the Dirac field. Recall, however, that ψ = ρ(y)ψ˜, where ρ(y) = exp (iy · P) and ψ˜ is the usual Dirac
field that transforms trivially under translations. Since iψγ˜a(y)∂bψ = iψ˜γ
a∂bψ˜ − ψ˜γaPbψ˜, it follows that tba is the
standard energy–momentum tensor when expressed in terms of ψ˜. Similarly, the conserved current that is related to
the symmetry under the change of a phase of ψ is ψγ˜a(y)ψ = ψ˜γaψ˜. Therefore, these currents will express trough
the annihilation and creation operators in exactly the same way as in the standard theory.
Certainly, the interpretation of Minkowskian coordinates as fields, which is useful in PGT, is not necessary to
discuss Noether theorem (see e.g. the Appendix of [13] for more conventional approach).
5 This means that the transformations are symmetries and the corresponding vector density Wµ is equal to zero.
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VIII. APPENDIX: INDECOMPOSABLE, FAITHFUL, FINITE–DIMENSIONAL REPRESENTATIONS
OF THE POINCARE´ GROUP
Indecomposable representations of the Poincare´ group, both finite and infinite, have been studied by mathematicians
[14][15]. In [14], the infinite–dimensional master representation was constructed on the space of universal enveloping
algebra that induces representations on the invariant subalgebra of translations, the “lowering” algebra Ω− and the
“raising” algebra Ω+. Finite–dimensional representations are obtained for these three possibilities on appropriate
quotient spaces. They are further subdivided into the cases A1, A2, A3, A4, B1, B2, B3. Without going into details,
we shall explain how to use [14] to obtain quickly explicit matrix form of generators. For definiteness, let us consider
the representations on Ω−, case B3 (other possibilities can be analized similarily). To set up a representation one
needs to
1. choose M ∈ N+ ,
2. choose n ∈ N+ such that n < M ,
3. chose qc ∈ N such that qc ≤ M − n (this parameter signifies the number of irreducible representations of the
Lorentz subalgebra that are contained in the representation of the Poincare´ algebra) .
The basis of the linear space on which the representation act is then given by the formula (4.2) of [14]. To calculate
the action of the generators on this basis use (3.4)[14]. The parameters Λ1 and Λ2 that appear in it are given by
Λ1 = M , Λ2 = ±in (for the B3 case) and αNq, βNq, δNq, γNq are defined below (3.4)[14]. Any time You get from
(3.4)[14] an element ymNq with the values of m, N or q that do not belong to the range established by (4.2)[14], just
set this element to zero. In this way, a definite matrix forms of the generators h+, h−, h3, p+, p−, p3, k+, k−, k3, k0
can be obtained. The familiar generators of translations and Lorentz rotations are then given by
J
01 =
1
2
(p− + p+) , J
02 =
1
2
(p− − p+) , J03 = p3,
J
12 = −h3, J13 = − i
2
(h− − h+) , J23 = −1
2
(h− + h+) ,
P
0 = k0, P
1 =
i
2
(k− + k+) , P
2 =
1
2
(k− − k+) , P3 = ik3.
(VIII.1)
These generators obey the standard commutation relations
[Pa,Pb] = 0 ,
[Pa, Jcd] = −i (ηacPd − ηadPc) ,
[Jab, Jcd] = −i (ηadJbc + ηbcJad − ηbdJac − ηacJbd) .
(VIII.2)
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As an example, choose M = 1, n = 0, qc = 1. The basis consists of the elements {y000, y100, y200, y010, y011}. The
application of (3.4)[14] then yields the generators
h3 =


0 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 0 −1 0
0 0 0 0 0

 , h+ =


0 0 0 0 0
0 0 0 0 0
0 2 0 0 0
0 0 2 0 0
0 0 0 0 0

 , h− =


0 0 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 0
0 0 0 0 0

 ,
p3 =


0 0 1 0 0
0 0 0 0 0
−1 0 0 0 0
0 0 0 0 0
0 0 0 0 0

 , p+ =


0 −2 0 0 0
0 0 0 0 0
0 0 0 0 0
−2 0 0 0 0
0 0 0 0 0

 , p− =


0 0 0 1 0
1 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

 ,
k− =


0 0 0 0 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

 , k0 =


0 0 0 0 −1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

 , k3 =


0 0 0 0 0
0 0 0 0 0
0 0 0 0 −1
0 0 0 0 0
0 0 0 0 0

 ,
k+ =


0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 −2 0
0 0 0 0 0

 .
(VIII.3)
This representation is equivalent to the Poincare´–vector representation discussed in this paper6. To see this, introduce
the invertible matrix
X =


2iα 0 0 0 0
0 −2α 0 α 0
0 −2iα 0 −iα 0
0 0 2α 0 0
0 0 0 0 2

 (VIII.4)
and verify that the relations
X−1J01X =
1
2
(p− + p+) , X
−1
J
02X =
1
2
(p− − p+) , X−1J03X = p3,
X−1J12X = −h3, X−1J13X = − i
2
(h− − h+) , X−1J23X = −1
2
(h− + h+) ,
X−1P0X = k0, X
−1
P
1X =
i
2
(k− + k+) , X
−1
P
2X =
1
2
(k− − k+) , X−1P3X = ik3
(VIII.5)
are satisfied, where Pa and Jab are the generators of the Poincare´–vector representation (II.39).
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